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Mass growth on cylindrical and spherical substrates is a phenomenon which can be related
to the biochemical creation of an elastic actin gel shell by polymerization and cross linking
of actin ﬁlaments either in vivo on bacteria cylindrical surfaces as a means for their motility
or in vitro on spherical beads as a means for experimentally studying the previous in vivo
case. Such mass growth is strongly effected by the developed stress ﬁeld. The objective of
this paper is to accurately determine this stress ﬁeld assuming elasticity of the growing
mass and symmetrical growth. Based on the special kinematics of mass growing on spher-
ical and cylindrical substrates, inwards or outwards from them, and various isotropic con-
stitutive laws for both small and ﬁnite elastic strains, it is possible to obtain the solution for
the stress ﬁeld in closed analytical form for all cases considered. This expands very signif-
icantly recent ﬁndings [Dafalias, Y.F., Pitouras, Z., 2008. Stress ﬁeld in actin gel growing on
spherical substrate. Biomechanics and Modeling in Mechanobiology, doi:10.1007/s10237-
007-0113-y.] for some constitutive laws and outwards growth on spherical substrates only.
The effect of biomass compressibility is shown to be of cardinal importance for the devel-
oped stress ﬁeld, questioning the validity of the simplifying assumption of a zero value
Poisson ratio usually made in the relevant biomechanics literature for simplicity. Few
selected graphs of stress variation along the radial direction illustrate the analytical ﬁnd-
ings. The obtained closed form analytical expressions for stress can be a standard reference
tool in this important area of stress-modulated soft tissue growth.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Mass growth in biomechanics is a term used to describe various phenomena such as tumor growth or the process where
diluted or discrete (e.g. monomers, ﬁlaments etc.) substances are transformed by biochemical reactions into a macroscop-
ically continuum solid biological material. Strictly speaking there is no creation of new mass out of nothing, but it is the bio-
chemical cell multiplication or transformation of pre-existing diluted or discrete matter into a solid continuum that can be
characterized as a mass growing phenomenon. Often this occurs at the very close vicinity of a solid surface; for example Ac-
tin polymerization, one of the main mechanisms of cellular motility, takes place mainly in the vicinity of the cytoplasmic side
of a cellular membrane surface. The resulting branched and cross-linked F-actin ﬁlament system takes the form of a soft elas-
tic solid (Gerbal et al., 2000a,b) which is called an actin gel, and appears as a new solid biological substance. In all such cases
the common denominator of interest in this work is that the growth of new solid mass in the conﬁnement of the correspond-. All rights reserved.
ivil and Environmental Engineering, University of California, 1 Shields Avenue, Davis, CA 95616, USA.
lias).
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process of mass growth. This is a typical problem of mechanobiology, where mechanical and biochemical processes are cou-
pled, and one must be able to address accurately each process of the phenomenon separately and then introduce the cou-
pling between them. In this work the focus will be on the mechanical side of the coupled bio-chemo-mechanical process
focusing on the determination of the stress ﬁeld induced by the growth of elastic mass under speciﬁc conditions to be de-
scribed in the sequel.
In continuum mechanics ‘‘growth” of mass in an open system capable of exchanging material substances with its sur-
roundings due to chemical or biochemical processes is linked to appropriately modiﬁed statements of the basic balance laws
compared to those of typical problems where mass conservation is assumed. The predominant modiﬁcations are associated
with the mass balance equation and the introduction of momentum quantities associated with growing mass (Cowin and
Hedegus, 1976; Lubarda and Hoger, 2002). The correct implementation of such balance laws leaves the differential equations
of motion intact. In addition one may observe that usually the relevant microscopic biochemical processes which create the
new solid mass take place on time scales much larger than the scale required for the establishment of stress equilibrium
within and around the new mass. On that basis, in order to determine the stress ﬁeld induced by the mass growth one is
faced with a problem of static equilibrium under given boundary conditions and appropriate constitutive laws for the grow-
ing mass.
The particular problems to be addressed here are motivated by, but not restricted to, the phenomenon of growth of actin
gel under experimental in vitro and natural in vivo conditions. The former is related to the introduction of a biomimetic
in vitro system for studying bacterial motility. This system consists of spherical latex beads, coated on their surfaces by
the enzymatic protein ActA which is necessary for inducing polymerization, and a reconstituted cytoplasm within which
the beads are placed. The details of preparation of such experimental systems are given in Noireaux et al. (2000) and Sekim-
oto et al. (2004), and are not further elaborated. What is of importance for the present work is that under such conditions
polymerization begins and continues only on the bead surface where the polymerization inducing ActA protein is grafted.
Thus, successive thin spherical layers of polymerized and cross linked actin gel form on the spherical substrate of the bead’s
surface, and each newly formed layer pushes outward, and is pushed inward by, the already formed spherical layers which
altogether constitute a spherical shell of thickness h that varies with time. It is implied that in order for polymerization to
continue taking place on the bead surface, it is necessary to have actin monomers reaching the surface by diffusion through
the thickness h of the already formed actin gel shell, and for this to happen appropriate conditions must apply (Noireaux
et al., 2000). The process of growth may stop as compressive stresses which prevent polymerization develop on the bead
surface, or continue until eventually due to instability supplemented by increased tensile stresses at the outer shell surface,
the spherical symmetry breaks leading eventually to a rapture of the spherical actin gel shell (Noireaux et al., 2000; Sekimoto
et al., 2004; Van der Gucht et al., 2005).
The corresponding natural in vivo phenomenon is similar to the in vitro because it is related to actin gel development by a
bacterium for its motor needs, such as the bacterium Listeria monocytogenes or the bacterium S. ﬂexneri. The difference is that
the bacterium surface is not spherical but rather cylindrical. The actin ﬁlaments polymerization on the bacterium cylindrical
surface is immediately followed by cross linking and the creation of an elastic actin gel cylindrical shell of varying with time
thickness h that keeps growing as it is pushed outward by newly formed thin cylindrical layers of actin gel on the bacterium
surface. The process may stop as compressive stresses which prevent polymerization develop, or continue until eventually
due to instability the cylindrical shell glides off the end of the bacterium and becomes part of a tubular tail formation which
pushes the bacterium forward. The phenomenon is quite more complex than described above, and a detailed analysis can be
found in Gerbal et al. (2000b).
Of paramount importance for the study and simulation of such phenomena is the speciﬁcation of the stress ﬁeld that
develops as a result of the elastic mass growing on the spherical or cylindrical substrates of the aforementioned examples.
In order to address such a stress ﬁeld analysis one is faced with a need for a constitutive relation for the growing elastic mass.
Referring again to the case of the actin gel that motivates the present work, there is in general common acceptance that the
gel is an isotropic elastic solid material. By micromanipulation experiments, Gerbal et al. (2000a) determined that the elastic
modulus E for the bacterium Listeria monocytogenes has a value between 103 and 104 Pa, while Marcy et al. (2004) measured
values of E for various actin gel compositions that showed a variation from 700 to 6700 Pa, with an average value of 3700 Pa.
However, no information on a second elastic constant, such as the Poisson ratio m, was obtained. The so-called stacked rubber
band system which corresponds to the assumption of m = 0 was extensively used by Noireaux et al. (2000), Prost (2002) and
Sekimoto et al. (2004) to perform a dimensional stress analysis for the actin gel development on spherical beads; the same
assumption of m = 0 was made by Gerbal et al. (2000b) for an elastic stress analysis of the actin gel shell developing on the
bacterium Listeria monocytogenes cylindrical surface, although in the same paper the authors use for a one-dimensional mod-
el also the assumption of incompressibility, i.e. m = 0.5. The linear elasticity framework used in those analyses is valid for
small strains, as it was emphasized by Noireaux et al. (2000) after Equation (3) of their paper. However, strain measurements
shown in Table 1 of Noireaux et al. (2000) in terms of the ratio of the gel shell thickness to the bead radius, exhibit a variation
of tensile strain in the outer layer of the actin gel shell from 10% to 20%. Van der Gucht et al. (2005) report in their Fig. 2c data
for maximum tensile strains of the order of 25% and 40% for two distinct processes of actin gel development. With the excep-
tion of the 10% strain, the other reported values are moderate to large strains, for which linear elasticity is not the appropri-
ate framework of analysis. In view of these simplifying assumptions made in the past, it is important to ﬁnd on the one hand
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perform the stress analysis with appropriate non-linear elastic constitutive equations when the strains are ﬁnite.
The focus of this work, therefore, is to determine the stress ﬁeld that appears during the growth of an elastic mass on
spherical and cylindrical substrates, for both linear and non-linear elasticity without the simplifying assumption of a zero
value for the Poisson ratio. The scope of this endeavor can certainly be applied to the case of actin gel development by poly-
merization as explained earlier, but it also addresses a more general case for similar processes with other underlying reasons
for the elastic mass growth. The stress ﬁeld determination due to actin gel development on a spherical substrate has been
recently presented by Dafalias and Pitouras (2008), however, in the present work this problem is being re-addressed for
additional constitutive laws and also for the case of cylindrical substrate which has not been considered at all in Dafalias
and Pitouras (2008). The new cylindrical substrate case is split in two quite different sub-cases, one for plane strain and an-
other for plane stress conditions along the axis of the cylinder.
Given the assumed isotropy of actin gel, the classical linear isotropic elasticity law with an engineering strain measure
will be employed for small strains, and it will be called the linear elastic model. For ﬁnite strains two isotropic non-linear
constitutive models are used. The ﬁrst model employs the Henky or logarithmic strain measure (Henky, 1931) deﬁned as
the natural logarithm of the principal stretch and it will be called the non-linear elastic model. This model was investigated
by Anand (1979) and it was found that indeed the logarithmic strain was the most appropriate amongst various commonly
considered ﬁnite strain measures for generalizing the inﬁnitesimal linear elasticity formulation to moderately large defor-
mations. This particular choice has two great advantages; ﬁrst, it requires the same two elastic constants and second, it
becomes identical in the limit of small strains with the linear elasticity model, thus, rendering meaningful a comparison
of the two as the strains increase from small to ﬁnite. The second ﬁnite strain elastic constitutive model is the well-known
Mooney–Rivlin model, henceforth called the M–R model for abbreviation, which can be expressed in terms of the principal
stretches for the spherical and cylindrical geometry considered in this work. The M–R model assumes incompressibility,
contrary to the previous models which include incompressibility as a special case when the Poisson ratio m = 1/2.
It will be possible to determine the stress ﬁeld in closed analytical form at both small and ﬁnite strains for all cases with
spherical and cylindrical (plane strain and plane stress) substrates by solving a differential equation of equilibrium which is
linear or non-linear depending on the constitutive model used. It will be shown that the solution is the same for both out-
wards and inwards, in regards to the substrates, mass growth. The normalized by the elastic modulus E stress components
are shown to vary signiﬁcantly with the choice of the value of the Poisson ratio for both small and ﬁnite strains, often such
variation exceeding the level of 100%, while the difference of the linear and non-linear solutions becomes increasingly larger
with the magnitude of strains. These ﬁndings are illustrated by selected graphs of strain and stress variations along the radial
direction. The provided analytical expressions for the stress ﬁeld can be used as a reference tool for future researches in this
important area of stress-modulated biomass growth, but also in other mass growth cases of similar kinematics not neces-
sarily linked to mechanobiology.
2. Basic kinematics and kinetics
The kinematics of elastic mass growth (or mass resorption) has been addressed in continuum mechanics by the assump-
tion of the multiplicative decomposition of the deformation gradient F = FeFg into a growth part Fg and an elastic part Fe
according to the original proposition by Rodriguez et al. (1994). This approach implies that there is a continuous mass
growth and a subsequent elastic deformation, the latter in regards to a changing by growth reference state, and that such
process is appropriately mapped by the two parts of the deformation gradient from an initial reference conﬁguration of some
pre-existing mass to an updated grown reference conﬁguration, and then to the current one.ro
ri
r
σr
σθ
Fig. 1. Problem geometry.
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mass which was generated on the corresponding substrate only once, and then as it moved away from the substrate it only
deformed elastically without further mass growth. Fig. 1 illustrates what happens. A major spherical or transverse cylindrical
section of the grown shell is shown lying between radii ri and r0, with ri denoting the radius in contact and r0 the radius out of
contact with the spherical or cylindrical substrates, respectively. If the mass grows outwards from the substrate as shown in
Fig. 1, one has ri 6 r 6 r0 and the shell has a thickness h = r0  ri. If on the other hand the mass grows inwards form the sub-
strate into a cylindrical or spherical cavity, one has r0 6 r 6 ri and in Fig. 1 the ri and r0 must exchange positions, with the
thickness of the shell given by h = ri  r0. Each thin spherical or cylindrical layer of the spherical or cylindrical shell was
mapped from its initial conﬁguration deﬁned right on the corresponding surface at r = ri, where it was ﬁrst generated, to
the current position it occupies at distance r within the shell.
In other words the reference conﬁguration is the same for all layers of the current conﬁguration, a rather unorthodox
case related to phenomena of mass growth on a ﬁxed surface. This does not contradict any basic physical and geomet-
rical law because the reference conﬁguration may be the same for all layers, but it appeared at different times for each
one. Such mass growth on a surface appears in bone matter deposition and wound healing or scar formation in soft tis-
sues. Skalak et al. (1982) addressed this matter of ‘‘discontinuous” growth by introducing different time variables for
mass which appeared later than other pre-existing mass, and Cowin (1983) addressed bone surface growth by introduc-
ing a growth velocity of the bone surface. It would have been different and more difﬁcult to address a problem where
mass growth or resorption takes place everywhere inside the grown shell, in which case the kinematics of the multipli-
cative decomposition of the deformation gradient referred earlier, supplemented by growth rate laws, would have been
required.
It follows from the above that in the present case the multiplicative decomposition F = FeFg degenerates to only an elastic
deformation of each thin spherical or cylindrical layer from the substrate surface to the current position since the mass
growth part stops being active as soon as the layer moves away from the surface and looses contact with the polymerization
agents which exist only on that surface. Such elastic deformation gradient Fe can easily be determined by the geometry im-
plied by the spherical or cylindrical symmetry of the problem which renders Fe diagonal. To this extend consider any mate-
rial line segment when it was ﬁrst generated on the substrate surface, Fig. 1. It had an initial length ridh, where dh is the
increment of a tangential spherical coordinate measured in radians. After the radially symmetrical expansion to a distance
r, the same material line segment, lying now on a thin spherical or cylindrical shell at a distance r  ri from the substrate
surface, has a current length rdh. The following three well-known measures of deformation can now be introduced for such
a material line segment, to which the adjective ‘tangential’ will be associated given its ‘tangential’ orientation with respect to
the spherical or cylindrical shell layers.
1. The engineering tangential strain, which is used in the case of small deformations, is symbolized by eh and is deﬁned as
the ratio of change of length to the initial length. Thus, it follows thateh ¼ rri  1 ð1Þ2. The tangential stretch, appropriate for large deformation theories, which is the ratio of the current to the initial length, is
symbolized by kh and is given bykh ¼ rri ð2Þ3. The natural logarithm of the tangential stretch, called the Henky or logarithmic tangential strain, is symbolized by hh, and
is given byhh ¼ ln kh ¼ ln rri ð3ÞIt is worth observing at the outset that when (r/ri)  1 is of order e, where e is very small (basically when we have small
strain eh), a Taylor expansion of Eq. (3) around r/ri = 1 yields hh = eh within order of e2. This conﬁrms the assertion that a model
based on logarithmic strain becomes in the limit of small strains identical to one based on engineering strain, as it happens in
the linear elasticity case. For either the spherical or cylindrical substrate, the existing complete spherical or cylindrical sym-
metry renders all shear deformation measures equal to zero.
Next one must determine the radial strain er, radial stretch kr or radial logarithmic strain hr = lnkr. With the tangential
measures of strain deﬁned in Eqs. (1)–(3) and zero shear strain components due to symmetry, the er, kr or hr = lnkr can be
determined by integration of the differential equation of equilibrium along the radius (see below) where, having expressed
the stresses in terms of the strains, the radial strain or stretch measure becomes the unknown function of r. In the case of
cylindrical substrate one has one more deformation component to address, namely the one along the axis z of the cylinder.
Thus, the longitudinal strain ez, stretch kz or logarithmic strain hz = lnkz are introduced. In the case of plane strain one has
ez = 0, hz = 0 and kz = 1. In the case of plane stress the zero value of the longitudinal stress rz allows to express the longitudinal
strain or stretch measure in terms of the tangential and radial. The stretches kr, kh (twice for spherical) and kz (for cylindrical
only) are the diagonal components of the symmetric elastic deformation gradient Fe.
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the tangential measures given in Eqs. (1)–(3) and the well-known incompressibility condition which reads for the spherical
substrateer þ 2eh ¼ 0 ð4aÞ
hr þ 2hh ¼ ln kr þ 2 ln kh ¼ lnðkrk2hÞ ¼ lnð1Þ ¼ 0 ð4bÞand for the cylindrical substrateer þ eh þ ez ¼ 0 ð5aÞ
hr þ hh þ hz ¼ ln kr þ ln kh þ ln kz ¼ lnðkrkhkzÞ ¼ lnð1Þ ¼ 0 ð5bÞwhere the a and b parts of Eqs. (4) and (5) refer to small and ﬁnite strains, respectively. In the case of incompressibility the
unknown function to be determined by the equilibrium equation is the undeﬁned by constitutive law hydrostatic pressure p,
except for the case of plane stress where the radial measure still remains the unknown function.
In terms of kinetics, the equilibrium equations of the sought stress ﬁeld act in fact as a link among the thin spherical and
cylindrical shell layers which constitute the total shell, because equilibrium must be satisﬁed irrespective of the different
geometrical mapping the various continuummass elements have undergone during their growth and deformation. The com-
plete symmetry of the spherical or cylindrical shell yields only one non-trivial equilibrium equation along r between the ra-
dial rr and tangential rh principal stress components, given according to standard procedures (Ogden, 1984) bydrr
dr
þm
r
ðrr  rhÞ ¼ 0 ð6Þwith m = 2 for spherical and m = 1 for cylindrical coordinates.
With the shell having grown from a radius ri in contact with the substrate, to a radius r0 which is out of contact with it
and, therefore, stress-free, the solution of Eq. (6) is subject to the boundary condition at r = r0rrðr0Þ ¼ 0 ð7Þ
The determination of the stress components rr and rh (and in the plane strain case of rz) as functions of r from the solution
of Eqs. (6) and (7) is the main objective of this work. The nature of such solution will heavily depend on the constitutive law
which will be used to express the stress components in terms of the aforementioned strains and stretch measures for small
or ﬁnite deformations, respectively.
It is clear form the foregoing that the analytical solution for inwards mass growth will be the same as the one for out-
wards growth, since the same boundary condition, Eq. (7), applies. Of course the numerical values of strain and stress com-
ponents will be affected, in general, from the fact the key kinematical quantity r/ri can be either <1 or >1, with consequences
on the signs of the strain measures in Eqs. (1)–(3).
3. Elastic constitutive laws
3.1. The linear elastic model
For small strain linear isotropic elasticity a quadratic strain energy function is introduced which can be written in terms of
the principal engineering strains ei asW ¼ E
2ð1þ mÞ e
2
1 þ e22 þ e23 þ
m
1 2m e1 þ e2 þ e3ð Þ
2
h i
ð8Þwhere E is the elastic modulus E and m the Poisson ratio. It follows thatri ¼ oWoei ¼
E
ð1þ mÞð1 2mÞ ½ð1 mÞei þ vðej þ ekÞ; i 6¼ j 6¼ k ð9ÞIn case of incompressibility m = 1/2, e1 + e2 + e3 = 0, and instead of Eq. (9) one hasri ¼ 23 Eei  p ð10Þwhere p is a hydrostatic pressure determined by the equilibrium equations.
(i) Spherical substrate
One sets r1 = rr, r2 = r3 = rh, e1 = er, e2 = e3 = eh in Eq. (9) to obtainrr ¼ Eð1þ mÞð1 2mÞ ðð1 mÞer þ 2mehÞ ð11aÞ
rh ¼ Eð1þ mÞð1 2mÞ ðeh þ merÞ ð11bÞ
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2
3
Eeh  p ð12Þ(ii) Cylindrical substrate in plane strainOne sets r1 = rr, r2 = rh, e1 = er, e2 = eh and e3 = ez = 0 which yields rz = m(rr + rh), thus, Eq. (9) yieldrr ¼ Eð1þ mÞð1 2mÞ ðð1 mÞer þ mehÞ ð13aÞ
rh ¼ Eð1þ mÞð1 2mÞ ðð1 mÞeh þ merÞ ð13bÞFor incompressibility Eq. (10) in conjunction with Eq. (5a) and ez = 0 yield rz = p andrr ¼ 23 Eeh  p; rh ¼
2
3
Eeh  p ð14Þ(iii) Cylindrical substrate in plane stressOne sets r1 = rr, r2 = rh, e1 = er, e2 = eh and rz = 0, yielding ez = [m/(1  m)] (er + eh), thus, Eq. (9) yieldrr ¼ E1 m2 ðer þ mehÞ ð15aÞ
rh ¼ E1 m2 ðeh þ merÞ ð15bÞFor incompressibility Eq. (10) in conjunction with Eq. (5a) and rz = 0, or alternatively Eq. (15) for m = 1/2, yield p = (2/3)Eez,
ez = (er + eh) andrr ¼ 23 Eð2er þ ehÞ; rh ¼
2
3
Eð2eh þ erÞ ð16Þ3.2. The non-linear elastic model
The isotropic elastic relations for ﬁnite strains in terms of Cauchy principal stresses ri and stretches ki (i = 1, 2, 3) are con-
cisely expressed by (Ogden, 1984; Holzapfel, 2000)ri ¼ 1J ki
ow
oki
ð17Þwhere w is the Helmholtz free energy per unit reference volume, function of ki, and J = k1k2k3 is the determinant of the defor-
mation gradient F measuring the volume change according to dv = JdV, with dv and dV the material volume elements in the
current and reference conﬁgurations, respectively. The case of incompressibility implies that dv = dV, thus, J = 1 and instead
of Eq. (17) one hasri ¼ ki owoki  p ð18Þwith p the undetermined by a constitutive law hydrostatic pressure.
There are as many ﬁnite elastic strain constitutive theories as there are choices for w, which must satisfy certain condi-
tions of positive deﬁniteness, convexity etc. In the present work and for reasons explained in the Introduction, a quadratic in
the logarithmic strains hi = lnki expression for w is postulated which is of the same form asW is in terms of ei in Eq. (8), known
as the Saint-Venant— Kirchhoff assumption, and readsw ¼ E
2ð1þ mÞ h
2
1 þ h22 þ h23 þ
m
1 2m ðh1 þ h2 þ h3Þ
2
h i
ð19ÞWith the relation ow/oki = (ow/ohi)(dhi/dki) = (ow/ohi)(1/ki), and J = kr khkz = exp(h1 + h2 + h3), Eqs. (17) and (19) yieldri ¼ Eð1þ mÞð1 2mÞ exp½ðh1 þ h2 þ h3Þ½ð1 mÞhi þ mðhj þ hkÞ; i 6¼ j 6¼ k ð20ÞThe presence of J1 = exp[  (h1 + h2 + h3)] in Eq. (20) renders the relation between the Cauchy stress ri and Henky strain
hi non-linear. However, if one deﬁnes the Kirchhoff stress ti = Jri, then the relation between ti and hi is linear. In both cases the
relation with the stretches ki is non-linear. For the case of incompressibility m = 1/2 and h1 + h2 + h3 = 0 (equivalent to J = 1),
thus, it follows from Eq. (19) thatri ¼ 23 Ehi  p ð21Þ
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hr, hh and hz for er, eh and ez, respectively, in Eqs. (11) – (16) of the linear elastic model with the addition of
J1 = exp[  (h1 + h2 + h3)] (which equals 1 for incompressibility) at the right-hand side according to Eq. (20).
(i) Spherical substrate
For compressible response one has based on Eq. (11) and the foregoing observation:rr ¼ Eð1þ mÞð1 2mÞ exp½ðhr þ 2hhÞðð1 mÞhr þ 2mhhÞ ð22aÞ
rh ¼ Eð1þ mÞð1 2mÞ exp½ðhr þ 2hhÞðhh þ mhrÞ ð22bÞFor incompressible response it follows based on Eq. (12)rr ¼ 43 Ehh  p; rh ¼
2
3
Ehh  p ð23Þ(ii) Cylindrical substrate in plane strainFor compressible response one has h3 = hz = 0 which yields rz = m(rr + rh) and based on the generalization of Eq. (13) to the
non-linear modelrr ¼ Eð1þ mÞð1 2mÞ exp½ðhr þ hhÞðð1 mÞhr þ mhhÞ ð24aÞ
rh ¼ Eð1þ mÞð1 2mÞ exp½ðhr þ hhÞðð1 mÞhh þ mhrÞ ð24bÞFor incompressible response it follows that rz = p and based on Eq. (14) one hasrr ¼ 23 Ehh  p; rh ¼
2
3
Ehh  p ð25Þ(iii) Cylindrical substrate in plane stressFor compressible response one has rz = 0 which yields hz = [m/(1  m)](hr + hh), and based on Eq. (15) and the fact that
now J = exp[((1  2m)/(1  m)) (hr + hh)] it followsrr ¼ E1 m2 exp 
1 2m
1 m ðhr þ hhÞ
 
ðhr þ mhhÞ ð26aÞ
rh ¼ E1 m2 exp 
1 2m
1 m ðhr þ hhÞ
 
ðhh þ mhrÞ ð26bÞFor incompressible response it follows based on the generalization of Eq. (16) to the non-linear case that p = (2/3)Ehz,
hz = (hr + hh) andrr ¼ 23 Eð2hr þ hhÞ; rh ¼
2
3
Eð2hh þ hrÞ ð27ÞEquivalently Eq. (27) can be obtained by setting m = 1/2 in Eqs. (26a),(26b). Notice than in all cases above, compressible or
incompressible, the hh = ln(r/ri) according to Eq. (3).
3.3. The Mooney–Rivlin (M–R) model
One of the most common ﬁnite strain elastic isotropic constitutive model for incompressible materials is the Mooney–
Rivlin (M–R) model, characterized by a form of w given byw ¼ C1ðI1  3Þ þ C2ðI2  3Þ ð28Þ
where the isotropic invariants I1 ¼ k21 þ k22 þ k23 and I2 ¼ k21k22 þ k22k23 þ k23k21 with C1, C2 constants. Due to incompressibility one
has J = k1k2k3 = 1 and Eq. (18) in conjunction with Eq. (28) yield for the principal stresses the relationsri ¼ pþ 2C1k2i þ 2C2k2i ðk2j þ k2kÞ; i 6¼ j 6¼ k ð29Þ(i) Spherical substrateAccounting for the spherical symmetry of our boundary value problem and the incompressibility condition J ¼ krk2h ¼ 1,
one can re-write conveniently Eq. (29) as
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rh ¼ pþ 2C1k2h þ 2C2ðk4h þ k2h Þ ð30bÞwhere the radial and tangential stresses are expressed exclusively in terms of the radial and tangential stretches, respec-
tively, and kr ¼ 1=k2h with kh given by Eq. (2).
(ii) Cylindrical substrate in plane strain
Accounting for kz = 1 and the incompressibility condition J = krkh = 1 which allows one to write kr = 1/kh with kh given by
Eq. (2), one can re-write Eq. (29) asrr ¼ pþ 2C2 þ 2ðC1 þ C2Þk2r ð31aÞ
rh ¼ pþ 2C2 þ 2ðC1 þ C2Þk2h ð31bÞ
rz ¼ pþ 2C1 þ 2C2ðk2r þ k2h Þ ð31cÞ(iii) Cylindrical substrate in plane stressThe case of mass growth on a thin cylindrical disc-like substrate under the conditions of plane stress in conjunction with
the M–R elasticity model leads to a highly non-linear differential equation for kr which does not seem to have a closed form
analytical solution. Given the relatively lesser importance of the cylindrical plane stress versus the cylindrical plane strain
and spherical substrates in regards to modeling the most common cases of mass growth, the plane stress case will not be
pursued any further for the M–R constitutive law. The plane stress solutions for the other two elastic laws, the linear and
non-linear, will provide ample opportunity to compare it with the plane strain case.
4. Solution with the linear elastic model
4.1. Compressible case
It will be possible to obtain one common form of solution for all three cases of spherical, plane strain and plane stress
cylindrical substrates, with parameters which are assigned speciﬁc values for each case in terms of the Poisson ratio. The
substitution of the constitutive relations (11a),(11b), (13a),(13b), (15a),(15b) in Eqs. (6) and (7) in conjunction with eh ex-
pressed by Eq. (1), yields after some algebra the following differential equation and the corresponding boundary condition
at r = r0 for the radial strain erder
dr
þ a
r
er ¼  ar þ
b
ri
; erðr0Þ ¼ c r0ri  1
 
ð32Þwith the constants a, b and c deﬁned in Table 1 in terms of the Poisson ratio m according to the case considered. Eq. (32)1 is a
classical linear ﬁrst order non-homogeneous differential equation, for which the general solution is found by adding to the
general solution of the corresponding homogeneous equation a particular solution of the non-homogeneous equation.
Bypassing the standard steps for such a process, the ﬁnal result iser ¼ c

ra
þ b
1þ a
r
ri
 
 1 ð33Þwith c* the constant of integration. Imposing the boundary condition (32)2 on Eq. (33) allows the determination of c*, which
upon back substitution in Eq. (33) yields the ﬁnal form of solution aserðrÞ ¼ A 1 B r0ri
 
r0
r
 a
þ C r
ri
 1 ð34Þwith A = 1  c, B = [b  c(1 + a)]/(1  c)(1 + a) and C = b/(1 + a) deﬁned in Table 1 in terms of the Poisson ratio m for each
boundary value problem (BVP) considered.
When Eq. (34) for er and Eq. (1) for eh are inserted in Eqs. (11a),(11b), (13a), (13b) and (15a), (15b), they yield the stresses rr
and rh associatedwith the corresponding cases of spherical and cylindrical substrates for any set ofmaterial constantsE and m in
terms of r/ri and the geometrical quantity r0/ri of the shell. Since er and eh do not depend on E, it follows from the foregoing equa-
tions that the normalized by E expressions of the stress components rr and rh depend only on the Poisson ratio m.
Because the assumption m = 0 has been widely used in others works, it is instructive to show explicitly the corresponding
results as a particular case of the obtained general solution. Indeed for m = 0 one has rr = Eer which in conjunction with Eq.
(34) and the corresponding values of the constants in Table 1, yield the following expressions:For spherical substrate : rr ¼ Eer ¼ E 1 23
r0
ri
 
r0
r
 2
þ 2
3
r
ri
 1
 
ð35Þ
For cylindrical substrate : rr ¼ Eer ¼ E12
ri
r
r
ri
 1
 2
 r0
ri
 1
 2" #
ð36Þ
Table 1
Values of constants entering Eqs. (32)–(34) in terms of the Poisson ratio m
BVP a b c A B C
Spherical 2ð1 2mÞ
1 m
2ð1 3mÞ
1 m
2m
1 m
1þ m
1 m
2ð1 2mÞ
3 5m
2ð1 3mÞ
3 5m
Cyl/pl.strain
1 2m
1 m
1 3m
1 m
m
1 m
1
1 m
1 2m
2 3m
1 3m
2 3m
Cyl/pl.stress 1  m 1  2m m 1 + m 1 m
2 m
1 2m
2 m
Y.F. Dafalias et al. / International Journal of Solids and Structures 45 (2008) 4629–4647 4637where in order to obtain the ﬁnal form of Eq. (36) some extensive algebraic manipulations were needed. Eq. (36) holds true
for both cases of plane strain and plane stress on cylindrical substrate due to the assumption m = 0, and it is identical to Eq. (9)
of Gerbal et al. (2000b) obtained by the use of the so-called stacked rubber band model which is equivalent to choosing m = 0
under plane strain conditions. Eq. (35) is identical to Eq. (5) in Noireaux et al. (2000) except from a correction of the sign of rr
in order to have a negative value at r = ri, as it is correctly predicted by Eq. (35). Thus, the rr calculated form Eq. (35) at r = ri
on the bead surface retrieves the expression of Eq. (6) of Noireaux et al. (2000). The substitution r0 = ri + h in this expression
yields the relation rr = E(h/ri)2 [1 + (2/3)(h/ri)], i.e. the stress in terms of the thickness h. This last relation was hinted upon,
but not explicitly given, after Eq. (7) in Sekimoto et al. (2004) where instead the relation rr = E(1/2)(h/ri)2 was provided for a
cylindrical, rather than spherical, substrate surface. Indeed this relation for the cylindrical substrate is trivially derived from
Eq. (36) by setting r = ri and writing h = r0  ri. Furthermore, when h is quite smaller than ri, the term (2/3)(h/ri) in the afore-
mentioned expression of rr for the spherical substrate can be neglected compared to 1 and one has at the spherical bead
surface that approximately rr = E(h/ri)2 which is Eq. (17) of Noireaux et al. (2000). Recall, however, that all the above,
including the approximations, are possible only if one sets m = 0.
The foregoing solutions, as well as the ones which follow for the incompressible case, are valid for either r0/ri > 0 or r0/ri < 0,
corresponding to outwards or inwards mass growth, respectively, based on the comments of the last paragraph of Section 2.
4.2. Incompressible case
4.2.1. Spherical substrate
The substitution of the constitutive relations (12) in Eqs. (6) and (7) in conjunction with eh expressed by Eq. (1), yields the
following differential equation and corresponding boundary condition at r = r0 for the hydrostatic pressure p:dp
dr
¼ 4
3
E
3
r
 4
ri
 
; pðr0Þ ¼ 43 E
r0
ri
 1
 
ð37ÞThe solution of the above equations yieldsp ¼ 4
3
E 3 ln
r
r0
 4r  3r0
ri
þ 1
 
ð38Þwhich substituted back in Eq. (12) together with the expression (1) for eh retrieves the expressions found in Dafalias and
Pitouras (2008) given byrr ¼ 4E r  r0ri  ln
r
r0
 
; rh ¼ 2E 3r  2r0ri  2 ln
r
r0
 1
 
ð39Þ4.2.2. Cylindrical substrate in plane strain
The substitution of the constitutive relations (14) in Eqs. (6) and (7) in conjunction with eh expressed by Eq. (1), yields the
following differential equation and corresponding boundary condition at r = r0 for the hydrostatic pressure p:dp
dr
¼ 2
3
E
2
r
 3
ri
 
; pðr0Þ ¼ 23 E
r0
ri
 1
 
ð40ÞThe solution of the above equations yields (recall also that rz = p)p ¼ 2
3
E 2 ln
r
r0
 3r  2r0
ri
þ 1
 
ð41Þwhich substituted back in Eq. (14) together with the expression (1) for eh yieldsrr ¼ 43 E
r  r0
ri
 ln r
r0
 
; rh ¼ 43 E
2r  r0
ri
 ln r
r0
 1
 
ð42Þ4.2.3. Cylindrical substrate in plane stress
The substitution of the constitutive relations (16) in Eqs. (6) and (7) in conjunction with eh expressed by Eq. (1), yields the
following differential equation and corresponding boundary condition at r = r0 for the radial strain er
Table 2
Values
BVP
Spheric
Cyl/pl.s
Cyl/pl.s
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dr
þ 1
2r
er ¼  12r ; erðr0Þ ¼ 
1
2
r0
ri
 1
 
ð43ÞEq. (43)1 can be re-written as der/(1 + er) = dr/2r which can easily be integrated in conjunction with Eq. (43)2 to yielder ¼ 32 1
1
3
r0
ri
 
r0
r
 1=2
 1 ð44Þwhich substituted back in Eq. (16) together with the expression (1) for eh yieldsrr ¼ 2E 1 13
r0
ri
 
r0
r
 1=2
þ 1
3
r
ri
 1
 
ð45aÞ
rh ¼ 2E 12 1
1
3
r0
ri
 
r0
r
 1=2
þ 2
3
r
ri
 1
 
ð45bÞRecall that in plane stress one also has ez = (er + eh) calculated by Eqs. (1) and (44).
5. Solution with the non-linear elastic model
5.1. Compressible case
As in the linear case it will be possible again to proceed with common steps for all three cases where the distinction from
case to case will be achieved by simply assigning speciﬁc values to appropriate parameters, all functions of the Poisson ratio
m. However, at the ﬁnal step of the solution process the plane stress cylindrical substrate case will be distinguished from the
other two because it requires a different approach.
To this extend one must substitute the constitutive relations (22a),(22b), (24a),(24b) and (26a),(26b) in Eqs. (6) and (7)
and in conjunction with the expression (3) for hh obtain the differential equation and boundary condition for the radial log-
arithmic strain hr. In the process the derivative of the determinant J appearing as an exponential in the above constitutive
equations is taken as follows.Spherical substrate : J ¼ r
ri
 2
exphr;
dJ
dr
¼ J dhr
dr
þ 2
r
 
ð46aÞ
Cylindrical plane strain : J ¼ r
ri
 
exphr ;
dJ
dr
¼ J dhr
dr
þ 1
r
 
ð46bÞ
Cylindrical plane stress : J ¼ r
ri
 n
expnhr ;
dJ
dr
¼ nJ dhr
dr
þ 1
r
 
ð46cÞwith n = (1  2m)/(1  m) for Eq. (46c). With the use of Eqs. (46) the aforementioned substitution in Eqs. (6) and (7) yields the
differential equation and boundary condition1 ahr  b ln rri
 
dhr
dr
¼  c
r
1 Ahr  B ln rri
 
ð47aÞ
hrðr0Þ ¼ c ln r0ri ð47bÞfor hr, where the constants a, b, c, A and B are deﬁned in Table 2 in terms of the Poisson ratio m for each case of the boundary
value problem (BVP) considered.
In order to proceed the following new substitutions are introducedyðrÞ ¼ 1 ahr  b ln rri ) hr ¼
1
a
1 y b ln r
ri
 
) dhr
dr
¼ 1
a
dy
dr
þ b
r
 
ð48ÞThe substitutions of Eq. (48) in Eqs. (47a) and (47b) yield after some simple manipulations a new differential equation and
boundary condition at r = r0 for y(r) given byy
dy
dr
þM
r
y ¼ N
r
ln
r
ri
þ Q
r
; yðr0Þ ¼ 1 ð49Þof constants entering Eqs. (47a) and (47b) in terms of the Poisson ratio m
a b c A B
al 1 2m
1 m
2m
1 m
1 1
m
train 1
m
1 m
m
1 m 1
1 m
m
tress
1 2m
1 m
mð1 2mÞ
1 m m 
m
1 m
1 mð1þ mÞ
mð1 mÞ
Y.F. Dafalias et al. / International Journal of Solids and Structures 45 (2008) 4629–4647 4639whereM = b  cA, N = c(bA  Ba) and Q = c(a  A). Thus, with the help of the values in Table 2 theM, N, Q are also expressed in
terms of the Poisson ratio m as shown in Table 3 for each case of the boundary value problem (BVP) considered. In the fol-
lowing it is necessary to distinguish between the case M = 0 and M 6¼ 0.
(i) M = 0 (Spherical, plane strain, and plane stress with m = 0 cylindrical substrates)
It is clear from Table 3 that M = 0 corresponds to the spherical and cylindrical plane strain substrate cases in general, and
in particular to the case of plane stress with m = 0. Notice from Table 3 that for these cases also Q = 0. Thus, Eq. (49)1 can be re-
written asTable 3
Values
BVP
Spheric
Cyl/pl.s
Cyl/pl.sy
dy
dr
¼ 1
2
dðy2Þ
dr
¼ N
r
ln
r
ri
ð50Þsubject to the boundary condition of Eq. (49)2. The integration of Eq. (50) yieldsy2 ¼ 2N
Z
ln
r
ri
d ln
r
ri
 
¼ Nln2 r
ri
þ C ð51Þwhere the constant of integration C* can easily be calculated from Eq. (49)2 and then back-substituted in Eq. (51) to yield the
ﬁnal solution asyðrÞ ¼ 1 N ln2 r0
ri
 ln2 r
ri
  1
2
ð52ÞThe + sign in front of the square root of Eq. (52) is dictated by the satisfaction of the boundary condition, Eq. (49)2. Since
N < 0 according to Table 3 with m < 1/2, and the difference of the squares of the logarithms appearing in Eq. (52) is always
positive because the r0/ri is either the max or min of r/ri (recall the possibilities to have mass growth outwards and inwards
from the substrates), it follows that the quantity under the square root is always positive and guarantees a real value for y.
Substitution of the foregoing expression of y into the second of Eq. (48) yields the ﬁnal solution for hr for the present case (i),
accounting for the fact that now a = 1 according to Table 2, ashrðrÞ ¼ 1 b ln rri  1 N ln
2 r0
ri
 ln2 r
ri
  1
2
¼ 1 bhh  ½1 Nðh2h0  h2hÞ
1
2 ð53Þwhere the deﬁnition of hh given in Eq. (3) was used for the last expression in the right-hand side of Eq. (53). The b and N in Eq.
(53) are given for each case in Tables 2 and 3, respectively (for the plane stress case only when m = 0 which then becomes
identical to the plane strain with m = 0, as in the linear case). Entering hr from Eq. (53) and hh from Eq. (3) in the constitutive
Eqs. (22a), (22b), (24a) and (24b) one obtains the stresses in the case of spherical and cylindrical plane strain, in general, and
plane stress for m = 0, substrates.
Observe the interesting fact that at r = ri the hr(ri) from Eq. (53) attains the same value irrespective of whether r0/ri = R > 1
for outwards or r0/ri = 1/R < 1 for inwards mass growth as per the discussion at the last paragraph of Section 2, because of the
appearance of the second power of ln(r0/ri) in Eq. (53). Given that at r = ri one has hh(ri) = 0, it follows that also the stresses are
the same for either outwards or inwards mass growth. This is not the case with the linear solution for er(ri) in Eq. (34), where
its values at r = ri are close but different for r0/ri = R > 1 or 1/R < 1, hence, so are the values of the stress components.
(ii) M 6¼ 0(Plane stress cylindrical substrates when m 6¼ 0)
According to Table 3 the case M = Q = m is related to the plane stress analysis on a cylindrical substrate. A change of vari-
ables from r to x is deﬁned by the relationsx ¼ r
m
dy
dr
ð54ÞSubstitution of Eq. (54) in Eq. (49)1 and use of M = Q = m and N = (1 + m)(1  2m) from the third row of Table 3, yieldsx ¼ 1
y
1 ð1þ mÞð1 2mÞ
m
ln
r
ri
 
 1 ð55Þof constants entering Eqs. (49a) and (49b) in terms of the Poisson ratio m
M N Q
al 0 2ð1 2mÞð1þ mÞ
ð1 mÞ2
0
train 0  1 2m
ð1 mÞ2
0
tress m (1 + m)(1  2m) m
4640 Y.F. Dafalias et al. / International Journal of Solids and Structures 45 (2008) 4629–4647Eq. (55) can be used to deﬁne the initial value x0 of x which corresponds to r0, at which the boundary condition
y(r0) = y(x0) = 1 applies according to Eq. (49)2. Thus, one hasx0 ¼ ð1þ mÞð1 2mÞm ln
r0
ri
ð56Þwhere use of y(r0) = 1 was made. Subsequently one can take the differential of Eq. (55) and after some simple algebra using
dr/r = dy/mx from Eq. (54), obtaindy
y
¼  xdx
x2 þ xþ ½ð1þ mÞð1 2mÞ=m2 ; yðx0Þ ¼ 1 ð57ÞThe integration of Eq. (57) is straightforward and yieldsyðxÞ ¼ exp
Z x0
x
xdx
x2 þ xþ ½ð1þ mÞð1 2mÞ=m2
 
ð58Þwhere the boundary condition (57)2 is incorporated in the upper limit x0 of the integral in Eq. (58) and we use for simplicity
the same symbol x in the integrant and the lower limit of the integral; the x0 is given explicitly in terms of r0/ri and m from Eq.
(56). With I(x) symbolizing the indeﬁnite integral corresponding to the deﬁnite integral of Eq. (58) and D = (9m2 + 4m  4)/m2
being the discriminant of the quadratic polynomial of the denominator of the integrant, it follows thatFor D > 0 IðxÞ ¼ 1
2
ln x2 þ xþ ð1þ mÞð1 2mÞ
m2
 
 1
2
ﬃﬃﬃ
D
p ln 1þ 2x
ﬃﬃﬃ
D
p
1þ 2xþ ﬃﬃﬃDp
 !
ð59aÞ
For D < 0 IðxÞ ¼ 1
2
ln x2 þ xþ ð1þ mÞð1 2mÞ
m2
 
 1ﬃﬃﬃﬃﬃﬃﬃDp tan1
1þ 2xﬃﬃﬃﬃﬃﬃﬃDp
 
ð59bÞ
For D ¼ 0 IðxÞ ¼ 1
2
ln x2 þ xþ ð1þ mÞð1 2mÞ
m2
 
þ 1
1þ 2x ð59cÞEqs. (59a) and (59b) were easily found from a table of integrals, while Eq. (59c) was obtained by applying l’Hospital’s rule in
taking the limit of Eq. (59a) as D? 0. The sign of D on which the solution form depends according to Eqs. (59) can be easily
investigated. The expression m2D = 9m2 + 4m  4 = 0 has the roots m1 = 0.4805 and m2 = 0.9205. For the range 0 < m < 1/2 one
has that D < 0 for 0 < m < m1, D > 0 for m1 < m < 1/2 and D = 0 for m = m1, with the corresponding solutions given by Eqs. (59a),
(59b) and (59c).
For the solution in terms of y(x) one needs to specify also the value xi of x which corresponds to ri, as done before for the
correspondence of x0 to r0 by Eq. (56). To this extend, referring to Eq. (55) one has for r = ri the relation y(xi) = 1/(1 + xi). With
y(xi) expressed from Eq. (58) by setting the lower limit of integration at xi, this last relation yields an equation for xi in terms
of x0 and m, which can be solved numerically. Having determined the x0 and xi, the solution can proceed as follows. For an x
between xi and x0 one obtains y(x) from Eq. (58) in conjunction with the appropriate version of Eq. (59). With this value of
y(x), the r corresponding to the chosen x can be obtained by solving Eq. (55) for r in terms of x and y(x) yielding r/ri = exp[(m/
(1 + m) (1  2m))[1  (1 + x)y]]. Finally the sought value of the logarithmic radial strain hr at r can be calculated on the basis of
the found values of y(x), x and the corresponding r, from the second of Eq. (48) using the values of a and b given in the last
raw of Table 2, to obtainhrðrÞ ¼ 1 m1 2m 1 y
mð1 2mÞ
1 m ln
r
ri
 
¼ 1ð1þ mÞð1 2mÞ 1 2m
2 þ ½ðxþ 2Þm2  1y	 
 ð60Þ
The last member of Eq. (60) was obtained from the second member using Eq. (55) to express ln(r/ri) in terms of y and x.
Entering hr from Eq. (60) and hh from Eq. (3) in the constitutive Eqs. (26a) and (26b) one obtains the stresses developed for
mass growth on a cylindrical substrate under conditions of plane stress applicable to disc-like thin cylinder.
5.2. Incompressible case
5.2.1. Spherical substrate
The substitution of the constitutive relations (23) in Eq. (6) withm = 2 and (7), in conjunction with hh expressed by Eq. (3),
yields the following differential equation and corresponding boundary condition at r = r0 for the hydrostatic pressure p:dp
dr
¼ 4
3
E
1
r
þ 3
r
ln
r
ri
 
; pðr0Þ ¼ 43 E ln
r0
ri
ð61ÞThe solution of the above equations yieldsp ¼ 2
3
E½3ðh2h  h2h0Þ þ 2hh ð62Þwhich substituted back in Eq. (23) together with the expression (3) for hh retrieves the expressions found in Dafalias and
Pitouras (2008) given by
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r
ri
 ln2 r0
ri
 
ð63aÞ
rh ¼ 2Eðh2h  h2h0 þ hhÞ ¼ 2E ln2
r
ri
 ln2 r0
ri
þ ln r
ri
 
ð63bÞObserve that rr < 0 always since r0/ri is either the maximum or minimum of r/ri, and the values of rr = rh at r = ri are the
same whether r0/ri = R > 1 for outwards or r0/ri = 1/R < 1 for inwards mass growth, respectively, because of the second power
of ln(r0/ri). This is not the case with the linear solution in Eq. (39) where the stress values at r = ri are close but different for r0/
ri = R > 1 or 1/R < 1. On the other hand the rh changes sign and values from rh = 2Eln2(r0/ri) = rr at r = ri where hh = 0, to
rh = 2Eln(r0/ri) at r = r0. The value of r/ri for which the rh passes through zero is obtained by setting rh = 0 and solving to ﬁnd
2 lnðr=riÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4ln2ðr0=riÞ
q
 1.
5.2.2. Cylindrical substrate in plane strain
The substitution of the constitutive relations (25) in Eq. (6) withm = 1 and (7), in conjunction with hh expressed by Eq. (3),
yields the following differential equation and corresponding boundary condition at r = r0 for the hydrostatic pressure p:dp
dr
¼ 2
3
E
1
r
þ 2
r
ln
r
ri
 
; pðr0Þ ¼ 23 E ln
r0
ri
ð64ÞThe solution of the above equations yieldsp ¼ 2
3
Eðh2h  h2h0 þ hhÞ ð65Þwhich substituted back in Eq. (25) together with the expression (3) for hh givesrr ¼ 23 Eðh
2
h  h2h0Þ ¼
2
3
E ln2
r
ri
 ln2 r0
ri
 
ð66aÞ
rh ¼ 23 Eðh
2
h  h2h0 þ 2hhÞ ¼
2
3
E ln2
r
ri
 ln2 r0
ri
þ 2 ln r
ri
 
ð66bÞSimilar observations to the previous case of spherical substrate for the sign of stresses and the same values of rr = rh at
r = ri for outwards and inwards mass growth in contrast to the linear case of Eq. (42) apply. The rh = 0 for
lnðr=riÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ln2ðr0=riÞ
q
 1.
5.2.3. Cylindrical substrate in plane stress
The substitution of the constitutive relations (27) in Eq. (6) withm = 1 and (7), in conjunction with hh expressed by Eq. (3),
yields the following differential equation and boundary condition at r = r0 for hrdhr
dr
þ 1
2r
hr ¼ 12r ln
r
ri
 1
 
; hrðr0Þ ¼ 12 ln
r0
ri
ð67ÞThe solution of the homogenous part is c
ﬃﬃ
r
p
and a particular solution of Eq. (67)1 is ln(r/ri)  3. The general solution is
given by the sum of these two and in conjunction with Eq. (67)2 for the determination of the constant of integration c* it
becomeshrðrÞ ¼ 3 1 12hh0
  ﬃﬃﬃﬃ
r0
r
r
þ hh  3 ð68Þwhich allows the calculation also of hz = (hr + hh). Substitution of hr from Eq. (68) and hh from Eq. (3) in Eq. (27) yield ﬁnally
the stresses asrr ¼ 4E 1 12hh0
  ﬃﬃﬃﬃ
r0
r
r
þ 1
2
hh  1
 
¼ 4E 1 1
2
ln
r0
ri
  ﬃﬃﬃﬃ
r0
r
r
þ 1
2
ln
r
ri
 1
 
ð69aÞ
rh ¼ 2E 1 12hh0
  ﬃﬃﬃﬃ
r0
r
r
þ hh  1
 
¼ 2E 1 1
2
ln
r0
ri
  ﬃﬃﬃﬃ
r0
r
r
þ ln r
ri
 1
 
ð69bÞAt r = ri the values of rr = 2rh depend on whether r0/ri = R > 1 for outwards or r0/ri = 1/R < 1 for inwards mass growth, respec-
tively, contrary to the previous cases of spherical and cylindrical plane strain substrates but similar to the linear solution of
Eqs. (45).
6. Solution with the Mooney–Rivlin (M–R) elastic model
The M–R material is incompressible, thus J = 1 and one has krk2h ¼ 1 for the spherical and krkh = 1 with kz = 1 for the cylin-
drical substrate in plane strain, respectively. In conjunction with Eq. (2) for kh = r/ri, the foregoing incompressibility reads
kr = (ri/r)2 for spherical and kr = (ri/r) for cylindrical substrates, respectively.
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The substitution of the constitutive relations (30a),(30b) in Eq. (6) withm = 2 and (7), in conjunction with kh expressed by
Eq. (2) and the incompressibility condition as explained above, yields the following differential equation and corresponding
boundary condition at r = r0 for the hydrostatic pressure p:dp
dr
¼ 4C2
r4i
r3 þ 4C1
r2i
r þ 4C2r2i
1
r3
þ 4C1r4i
1
r5
; pðr0Þ ¼ 2C1k2r0  4C2kr0 ð70Þwhere kr0 = (ri/r0)2. The straightforward integration of Eq. (70) yieldsp ¼ C2½k4h  k4h0  2ðkr þ kr0Þ  C1½k2r þ k2r0  2ðk2h  k2h0Þ ð71Þ
and substitution of p from Eq. (71) in Eqs. (30a) and (30b) yieldsrr ¼ C1½ðk2r  k2r0Þ þ 2ðk1r  k1r0 Þ þ C2½2ðkr  kr0Þ þ ðk2r  k2r0 Þ ð72aÞ
rh ¼ C1½4k2h  2k2h0  ðk4h þ k4h0 Þ þ C2½3k4h  k4h0  2k2h0  ð72bÞIn writing Eqs. (72a),(72b) it was preferred to express rr and rh exclusively in terms of kr and kh, respectively. It is easy to
conﬁrm that at r = r0, Eq. (72a) yields rr = 0. Of particular importance are the values of the stress components on the surface
of the bead where r = ri and kh = kr = 1. It follows from Eqs. (72a),(72b) that in this caserr ¼ rh ¼ C1 rir0
 4
þ 2 r0
ri
 2
 3
" #
 C2 r0ri
 4
þ 2 ri
r0
 2
 3
" #
ð73ÞThe foregoing stress values at r = ri depend on whether r0/ri = R > 1 for outwards or r0/ri = 1/R < 1 for inwards mass growth,
respectively, but if C1 = C2 they are the same.
6.2. Cylindrical substrate at plane strain
The substitution of the constitutive relations (31a), (31b) and (31c) in Eq. (6) with m = 1 and (7), in conjunction with kh
expressed by Eq. (2) and the incompressibility condition krkh = 1 yields the following differential equation and corresponding
boundary condition at r = r0 for the hydrostatic pressure p:dp
dr
¼ 2ðC1 þ C2Þ rr2i
þ r
2
i
r3
 
; pðr0Þ ¼ 2½C2 þ ðC1 þ C2Þk2r0 ð74Þwhere kr0 = ri/r0. The straightforward integration of Eq. (74) yieldsp ¼ 2C2 þ ðC1 þ C2Þ½ðk2h  k2h0Þ  ðk2h  k2h0 Þ ð75Þ
Back substitution of p from Eq. (75) in Eqs. (31a), (31b) and (31c) yieldsrr ¼ ðC1 þ C2Þ½ðk2r  k2r0Þ þ ðk2r  k2r0 Þ ð76aÞ
rh ¼ ðC1 þ C2Þ½3k2h  k2h0  ðk2h þ k2h0 Þ ð76bÞ
rz ¼ C1½ðk2h  k2h0Þ  ðk2r þ k2r0Þ þ 2 þ C2½3k2h  k2h0 þ ðk2r  k2r0Þ  2 ð76cÞwhere kr = ri/r and kr0 = ri/r0. In writing Eqs. (76a),(76b) it was preferred to express rr and rh exclusively in terms of kr and kh,
respectively. It is easy to conﬁrm that at r = r0, Eq. (76a) yields rr = 0. On the surface of the cylinder, where r = ri and kh = kr = 1,
one hasrr ¼ rh ¼ rz ¼ ðC1 þ C2Þ 2 r0ri
 2
 ri
r0
 2" #
¼ ðC1 þ C2Þ rir0
 2 r0
ri
 2
 1
" #2
ð77Þwhich clearly is a negative expression (compressive stresses) for C1 + C2 > 0 and independent from whether r0/ri = R > 1 for
outwards or r0/ri = 1/R < 1 for inwards mass growth, respectively, contrary to the previous case for spherical substrate as
per Eq. (73).
7. Illustration of the solutions
In order to visualize the signiﬁcance of the solutions derived in closed analytical form for various cases, selected graphs of
stress variation along the radial distance from the spherical or cylindrical substrate surfaces will be presented.
It is important at this point tomake some comments on the choice of material constants. For both the linear and non-linear
elasticmodels thematerial constants are the elasticmodulusE andPoisson ratio m. The stress distributions foundcanbedirectly
normalizedbyE, andsowill bedone in theplots to follow, thus, our illustrationsdonotdependonthevalueofE. The focuswill be
mainlyon the signiﬁcanteffect the choiceof thePoisson ratio mhason thenormalizedbyE stressﬁeld. Comparisonwith theM–R
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ized by E values c1 = C1/E and c2 = C2/E, respectively. Of course the comparison of theM–Rwith the non-linear elasticmodelwill
be made with m = 1/2 in the latter, since the M–R is valid for incompressible materials only.
7.1. The uniaxial stress response
While the linear elasticity has a very well-known response, the non-linear logarithmic strain and the M–R models have
quite different response characteristics from the former and each other. For a better physical understanding and comparison
of the solutions obtained, the uniaxial stress response of these models will be brieﬂy investigated ﬁrst. Such uniaxial stress
response is given by the equationsFig. 2.
Rivlin (r
E
¼ e ð78Þ
r
E
¼ kð12mÞ ln k ¼ exp½ð1 2mÞhh ð79Þ
r
E
¼ 2 c1 þ c2k
 
k2  1
k
 
ð80Þfor the linear, non-linear and M–R models, respectively, where r, e, k, and h represent the uniaxial stress, engineering strain,
stretch and logarithmic strain, correspondingly. Notice the use of c1 = C1/E and c2 = C2/E instead of C1 and C2 in Eq. (80) as
explained earlier. The forms of Eqs. (78)–(80) were obtained from the general relations (9), (20) and (29), respectively, by
setting ﬁrst the boundary condition r2 = r3 = 0 which yields e2 = e3 = me1, h2 = h3 = mh1 (or equivalently k2 ¼ k3 ¼ km1 ) from
Eqs. (9) and (20) and speciﬁes the value of p in Eq. (29), and back substitution of these relations in the corresponding expres-
sion of r1. Notice the dependence of the r/E on m in Eq. (79).
As already mentioned for a comparison of Eq. (79) with Eq. (80) the choice m = 1/2 is required due to incompressibility
which renders the form of Eq. (79) simply r/E = lnk = h. In fact this last expression provides the means to calibrate the con-
stants c1 and c2 such that the response of r/E = lnk and Eq. (80) is reasonably close. One just needs to equate the expression
(80) with lnk for two appropriately chosen values of k, say k1 and k2, to obtain two linear equations for the two unknown c1
and c2 which can be easily solved. For k1 = 1.3 and k2 = 0.6 the foregoing procedure yields c1 = 0.0971 and c2 = 0.0591. After
some ﬁne tuning we set c1 = 0.10 and c2 = 0.05 in Eq. (80).
For the foregoing values of c1 and c2 and for three values of m = 0, 0.3 and 0.5, plotting of r/E versus k from Eqs. (78)–(80) is
shown in Fig. 2. To compare with the linear case one observes that e = k  1, thus, r/E = e = k  1 which is a straight line with
slope 45 in the r/E versus k space of Fig. 2 (one must account for the vertical and horizontal scale differences in the plots of
Fig. 2 to assess the 45 slope). Clearly the linear response is stiffer than the non linear in tension and softer in compression. In
addition one can show that at k = 1 the aforementioned straight line with slope 45 is tangent to the curves of Fig. 2 asso-
ciated with Eq. (79) for all m, based on the arguments presented after Eq. (3) that the logarithmic strain becomes equal to the
engineering strain in the limit of inﬁnitesimal strains. The curve for the M–R model is reasonably close to the curve for m = 1/2,
as expected for the range of stretches shown in Fig. 2; at larger or smaller values of k the deviation of M–R stress from that ofComparison of the uniaxial stress response between the linear (engineering strain), nonlinear (logarithmic strain) for three values of m and Mooney–
stretch) models according to Eqs. (78)–(80).
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depending on the value of m, thus, caution must be exercised in using the logarithmic strain model for larger stretches unless
such fall of r has been conﬁrmed by experiments.
7.2. The linear elasticity stress ﬁeld
The choices r0/ri = 1.1 and r0/ri = 1/1.1 = 0.91 for outwards and inwards mass growth, correspondingly, is made, which
yield according to Eq. (1) absolutely maximum engineering strains eh of 10% and 9%, respectively, for the linear elastic mod-
el. The plots of the normalized by E stress components rr and rh for mass growth on cylindrical substrate under plane strain
conditions are shown in Fig. 3 for three values of Poisson ratio, obtained by substitution of Eqs. (1) and (34) in conjunction
with the second raw of Table 1 in the constitutive relations (13a) and (13b) for m = 0 and m = 0.3, and directly from Eq. (42) for
m = 0.5. It must be realized that although the plots are shown together for the range 1/1.1 < r/ri < 1.1, they do correspond to
two different boundary value problems, one for outwards and one for inwards mass growth with r0/ri > 1 and r0/ri < 1,
respectively. This is also the reason why the stresses at r = ri are different as one approaches the value r/ri = 1 from leftFig. 3. Variation with r/ri for the two cases of r0/ri = 1.1 and r0/ri = 1/1.1 = 0.91 of the normalized by E radial and tangential stresses for the cylindrical/plane
strain substrate obtained from the linear elastic model by substitution of Eqs. (1) and (34) in conjunction with the second raw of Table 1 in the constitutive
relations (13a),(13b) for m = 0 and m = 0.3, and directly from Eq. (42) for m = 0.5.
Fig. 4. Variation with r/ri for the case r0/ri = 1.1 of the normalized by E radial and tangential stresses for the spherical, cylindrical/plane strain and
cylindrical/plane stress substrates obtained from the linear elastic model for m = 0.3 by substitution of Eqs. (1) and (34) in conjunction with Table 1 in the
constitutive relations (11a), (11b), (13a), (13b) and (15a), (15b), respectively.
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and as m varies from 0 to 0.5 the maximum radial stress value at r/ri = 1 change 30% for outwards and 50% for inwards growth.
Similar changes occur for the tangential stress. The rr remains always compressive (negative). For outwards growth the rh is
tensile (positive) at the outer layers of the developed shell, but despite the fact the eh is always positive, the rh develops com-
pressive values near the cylindrical substrate surface. This is the result of the compressing effect of the outer layers via the
compressive er that overtakes the tensile contribution of eh in regards to the value of rh in the inner layers. Only for the value
of m = 0 the rh remains always positive. The compressive values of rh at r = ri are of the same order as the compressive values
of rr and may inﬂuence the mass growth process (Noireaux et al., 2000). A discussion on this possibility was presented in
Dafalias and Pitouras (2008). For inwards growth the tangential stress rh is always compressive.
For r0/ri = 1.1 and m = 0.3, Fig. 4 compares the stresses developed in the cases of spherical, cylindrical-plane strain and
cylindrical-plane stress substrates for outwards mass growth only, where the corresponding plots are obtained by substitu-
tion of Eqs. (1) and (34) in conjunction with Table 1 in the constitutive relations (11a), (11b), (13a), (13b) and (15a), (15b),
respectively. One notices that the stress on spherical substrate is considerably larger (almost 300% larger for the maximum of
radial stress) than the stress on cylindrical substrate at the same values of r/ri, while the plane strain and plane stress solu-
tions are very close, with the plane strain larger as expected due to the higher degree of restriction. The considerable increase
of the radial stress on the spherical substrate can be intuitively understood by the fact it is induced from the tangential
stretching in two directions as compared to one on the cylindrical substrate, for which there is no considerable stretching
along the axis of the cylinder.
7.3. The non-linear elasticity stress ﬁeld
In this section illustrations of the non-linear elastic stress ﬁeld obtained for both the non-linear elastic model with log-
arithmic strain and the M–R model will be presented. The values r0/ri = 1.4 and r0/ri = 1/1.4 = 0.71 are chosen for outwards
and inwards mass growth, respectively, which based on Eq. (3) correspond to absolutely maximum logarithmic strains hh of
33.65% and 33.65%, respectively for the non-linear elastic model, and to stretches kh of 1.4 and 0.7143 for the M–R model.
These choices are representing a level of moderate to large deformations observed in the experiments of Van der Gucht et al.
(2005) for which the linear elasticity solution for small strains is not applicable. The plots of the normalized by E stress com-
ponents rr and rh for mass growth on cylindrical substrate under plane strain conditions are shown in Fig. 5, obtained by the
substitution of Eqs. (3) and (53) in conjunction with the values of b and N taken from the second rows of Tables 2 and 3,
respectively, in the constitutive relations (24a) and (24b) for m = 0 and m = 0.3, and directly from Eqs. (66a) and (66b) for
m = 0.5. It must be mentioned again that although the plots are shown together for the range 1/1.4 < r/ri < 1.4, they do cor-
respond to two different boundary value problems for outward and inward mass growth when r0/ri > 1 and r0/ri < 1, respec-
tively. Nevertheless for the plane strain case shown in Fig. 5 the stresses at r = ri are same as one approaches the value r/ri = 1
from left and right for these two separate problems, the reasons presented earlier in conjunction with the form of the ana-
lytical solutions used for all plots, as it was elaborated in the paragraphs following Eqs. (53), (66a),(66b) and (77). The Pois-
son ratio variation from 0 to 0.5 has a more remarkable effect than the linear case, causing a corresponding variation of
maximum stress values of the order of 90% for the tangential and 35% for the radial stresses. For outwards mass growth
the rh is tensile at the outer layers of the shell while even more pronounced than the linear case are its compressive valuesFig. 5. Variation with r/ri for the two cases of r0/ri = 1.4 and r0/ri = 1/1.4 of the normalized by E radial and tangential stresses for the cylindrical/plane strain
substrate obtained from the non-linear elastic model by substitution of Eqs. (3) and (53) with b and N taken from the second rows of Tables 2 and 3, in the
constitutive relations (24a) and (24b) for m = 0 and m = 0.3, and directly from Eqs. (66a) and (66b) for m = 0.5, and with the M–R model from Eqs. (76a) and
(76b).
Fig. 6. Variation with r/ri for the case r0/ri = 1.4 of the normalized by E radial and tangential stresses obtained from the non-linear elastic model for m = 0.3 by
substitution of Eqs. (3) and (54) in conjunction with Tables 2 and 3 in the constitutive relations (22a), (22b) and (24a), (24b) for the spherical and
cylindrical/plane strain substrates, respectively, and by substitution of Eqs. (3) and (60) in the constitutive Eqs. (26a) and (26b) for the cylindrical/plane
stress substrate.
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the increased thickness h = r0  ri for the large deformation case. For inwards mass growth the rh is always compressive and
so is the radial stress rr for both outwards and inwards mass growth. One interesting observation is that for inwards mass
growth when m = 0 or m = 0.3, the absolutely max value of rr occurs at r/ri < 1, while for the incompressible cases of m = 0.5
such maximum occurs at r/ri = 1 as it also happens for all cases with outwards mass growth. In the same Fig. 5 also the plots
of the normalized by E stress components for the M–R model are shown using Eqs. (76a) and (76b), where recall that one
must substitute c1 = C1/E and c2 = C2/E for C1 and C2, respectively, with the c1 = 0.1 and c2 = 0.05 determined in Section 7.1.
The difference of stresses based on the M–R model with those of the non-linear elastic model when m = 0.5 is between 5
and 10% as a result of the attempt to calibrate the M–R constants c1 and c2 so that they provide a uniaxial response close
to that of the non-linear model (recall Fig. 2).
For r0/ri = 1.4 (outwards mass growth), Fig. 6 compares the stresses developed in the cases of spherical, cylindrical-plane
strain and cylindrical-plane stress substrates for the non-linear model with m = 0.3, where the corresponding plots are ob-
tained as follows. For the spherical and cylindrical-plane strain substrates they are obtained by substitution of Eqs. (3)
and (53) in conjunction with Tables 2 and 3 for the appropriate values of b and N, in the constitutive relations
(22a),(22b), (24a),(24b), respectively. For the cylindrical-plane stress case the stress plots are obtained by substituting
Eqs. (3) and (60) in the constitutive Eqs. (26a),(26b). Eq. (60) requires the determination of y(x) from Eqs. (58) and (59b),
the latter because D = 22.11 < 0 for m = 0.3, in conjunction with the determination of x0 = 0.5832 from Eq. (56) and of
xi = 0.030054526 based on the relation y(xi) = 1/(1 + xi) as explained in detail before Eq. (60). No plots of the M–R model
stress calculation are shown in Fig. 6, because it makes no sense to compare themwith a case of m 6¼ 0.5. Very large difference
of the stress values, particularly of the radial component, between spherical and cylindrical substrates, and the closeness of
stress values between plane strain and plane stress for a cylindrical substrate, are clearly observed from the graphs of Fig. 6.
8. Conclusions
The main purpose of this paper was to obtain the stress ﬁeld that develops within elastic mass which grows symmetri-
cally on spherical and cylindrical substrates, either outwards or inwards from them. The relevance of the resulting boundary
value problem to biomechanics and mechanobiology is explained and linked to the process of an elastic actin gel develop-
ment by polymerization and cross linking of actin ﬁlaments on spherical beads for in vitro experiments, and on the cylindri-
cal bacteria surfaces as an in vivo action for bacteria motility. The inwards mass growth can be related to cell motility
induced by the cortical actin layer of cells, as for example studied by Mogilner and Oster (2003). The biomechanics literature
on the subject matter is vast and a recent review article by Ananthakrishnan and Ehrlicher (2007) covers a good part of it.
The present work approaches the subject matter from a macroscopic continuum mechanics perspective and the focus of the
presentation is related to the mechanical rather than the biological aspects of this problem. Its importance to mechanobiol-
ogy is ﬁrmly established since it has been conﬁrmed repeatedly by experiments that the stress ﬁeld plays a cardinal role in
the biochemical rate of growth of biomass. A brief discussion of the new ﬁndings in relation to stress modulated mass growth
was presented in Dafalias and Pitouras (2008). The present problem description of mass growth can also be attributed to a
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biomechanics.
The basic assumptions were those of maintaining spherical or cylindrical symmetry during the development of the elastic
shell, the isotropic elasticity of the mass and the validity of static equations of equilibrium due to the large difference of time
scales between the mass growth rate and the establishment of equilibrium. The kinematics were of a particular kind since
the mass appeared at different times and always on the same initial conﬁguration, namely that of the spherical or cylindrical
substrate, and then it was pushed outwards or inwards by the newly formedmass on the substrates. The kinetics of the prob-
lem consist of a single differential equation of equilibrium along the radial direction due to the assumed symmetry.
The combination of the foregoing kinematics and kinetics with the classical linear isotropic elasticity for small strains and
two non-linear isotropic elastic constitutive relations for ﬁnite strains, one using the logarithmic (Henky) strain measure and
the other being the classical Mooney–Rivlin model, results in a differential equation for the radial measure of deformation. It
is then possible to obtain closed form analytical solutions of the differential equation in all cases, that is for all constitutive
models and all substrates used, hence, the stress ﬁeld is also obtained in closed analytical form. In this respect the present
paper comes as a signiﬁcant generalization of a previous work by Dafalias and Pitouras (2008) where only the case of the
spherical substrate with two constitutive models was addressed.
Illustration of the ﬁndings by selected graphs of stress variation along the radial direction for various choices of small and
ﬁnite strains and different values of the Poisson ratio m show the important effect of the values of m on the stress ﬁeld. For
example it was calculated that for r0/ri = 1.4 one can have as much as 90% difference between the maximum tangential stress
levels on cylindrical substrates obtained for m = 0 and m = 1/2. For higher values of r0/ri such difference can reach more than
200% as it can easily be veriﬁed by the closed form analytical solutions which depend directly on m and r0/ri. These ﬁndings
are important because in the existing biomechanics literature the widespread adaptation of the so-called stacked rubber
band model is equivalent to assuming m = 0, thus, underestimating the maximum stress levels by a signiﬁcant percentage
for values of m different than zero.
One important issue which was not illustrated is the difference between the linear and non-linear solutions. If one plots
the stresses for these solutions next to each other, the difference of the plots will growwith the value of the r0/ri assumed, i.e.
with the value of the maximum stretch. This has been shown for the spherical substrate in Dafalias and Pitouras (2008)
where indeed for r0/ri = 1.1 the linear and non-linear solutions plots are very close to each other, while they deviate signif-
icantly for higher values of r0/ri. The approximate coincidence of the plots for small strains is not surprising, as it was shown
after Eq. (3) that engineering and logarithmic strains approach each other in the limit of inﬁnitesimal deformation. Strictly
speaking one must not even consider applying the linear solution to ﬁnite strains since the basic approximations of the linear
law (e.g. that the volumetric strain is the trace of the linear strain tensor) do not apply at ﬁnite deformations.
In conclusion the obtained closed form analytical solutions for the stress ﬁeld within the elastic mass growing on spher-
ical and cylindrical substrates outwards or inwards, based on the use of classical isotropic elastic constitutive models for
both small and ﬁnite strains, can constitute a useful analytical tool for many future researches on the topic.
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